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Let U= (U, £) be a universal binary countable homogeneous structure and n €w. We de-
termine the equivalence relation C(n)(U) on [U]™ with the smallest number of equivalence
classes r so that each one of the classes is indivisible. As a consequence we obtain

U— (U)Zw/r

and a characterization of the smallest number r so that the arrow relation above holds.

For the case of infinitely many colors we determine the canonical set of equivalence
relations, extending the result of Erdés and Rado for the integers to countable universal
binary homogeneous structures.

1. Introduction

The Rado Graph R=(R, E) is the countable universal homogeneous graph.
It is a countable graph with the defining property that for every finite set
F C R of vertices of the Rado graph and partition of F' into the classes A
and B there is a vertex x of the Rado graph which is adjacent to all vertices
in A and not adjacent to any of the vertices in B.

Let n €w. In the present paper we will investigate the lattice of partitions
of [R]™ in relation to the graph structure of R. We will show that there is
a finite set of equivalence relations on [R]", the “canonical equivalence rela-
tions”, which form a “basis” for the relationship between the graph structure

Mathematics Subject Classification (2000): 03E02, 05D10
* Supported by NSERC of Canada Grant # 690404.
T Supported by NSERC of Canada Grant # 691325.

0209-9683/106/$6.00 (©2006 Jdnos Bolyai Mathematical Society



184 C. LAFLAMME, N. W. SAUER, V. VUKSANOVIC

of R and the full partition lattice on [R]"™. Those canonical equivalence rela-
tions are determined by finitely many different types of finite substructures
of the Rado graph expanded by an w-enumeration of R.

There is not much more effort needed to prove and state our results in
the context of universal binary countable homogeneous structures. The Rado
graph and the order structure of the rationals are two prominent examples
of such homogeneous structures. In the case of the rationals the canonical
partitions have been determined in [6]. In the general case of universal binary
countable homogeneous structures the canonical partitions for the lattice of
partitions with finitely many classes have been found in [4].

We will use the notation A = (A, £) to indicate that A is a relational
structure of type £ with base set A. That is, the set £ is the set of relation
symbols of A. Unless otherwise explicitly stated, we will always assume that
the set £ of relation symbols is finite and that every relation symbol in £ is
binary. We provide some limited discussion of the case that £ is infinite.

Note: Except for the very first example below we will only consider rela-
tional structures in a binary language £ for which R(x,y) implies x #y for
all relation symbols R € £.

For a limited introduction to countable homogeneous structures see Sec-
tion 7, and for a more in depths introduction see the Appendix in [5]. We
restrict our attention to countable universal homogeneous structures over a
binary language. To motivate the definition below, let us consider the follow-
ing example, in which the relational language £ contains only one relation
symbol E.

Let Fy be the relational structure in the language £ which contains ex-
actly one element, say a, and for which F(a,a) holds. Let F; be the relational
structure in the language £ which contains exactly two different elements,
say a and b, and for which E(a,b) holds but not E(b,a). Let Fa be the re-
lational structure in the language £ which contains exactly two different
elements, say a and b, and for which both E(a,b) and E(b,a) holds.

Then the set of all finite binary relational structures with relation symbol
E is an age, that is a set of finite relational structures is closed under induced
substructures, isomorphic images and updirected. This age is the age of
the universal relational structure with one binary relation symbol. If we
restrict the age of all relational structures in the language £ to all those finite
relational structures in the language £ which do not embed the structure
1, then we obtain again an age. This is the age of the universal countable
directed graph.

If we restrict the age to all those finite relational structures in the lan-
guage £ which do not embed the structures Fg and Fy we obtain the age
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of the universal countable oriented graph. If we restrict the age to all those
finite relational structures in the language £ which do not embed the struc-
tures Fyp and F; we obtain the age of the Rado graph. (Every edge is bi-
directed, that is not directed.)

For the definition of binary countable universal homogeneous structure
let £ be a finite set of binary relation symbols. Let F be a set of relational
structures in the language £ with domain {0,1} and with the property that
if A and B are two isomorphic relational structures in the language £ and
domain {0,1}, then either both are in F or neither one of the two is in F.
Such a set F is a universal constraint set.

The age of the countable universal homogeneous structure Ug consists
of all finite relational structures in the language £ for which every induced
two element substructure is isomorphic to one of the structures in F and
which do not contain loops (that is elements a with R(a,a) for Re £). For
example, in the case of the universal directed graph, the set F consists of
two elements, the edge from 0 to 1 and the edge from 1 to 0.

Every countable universal homogeneous structure Ug has a representa-
tion as a set of sequences. Let |F|:=k € w and label the elements of F
with the numbers 0,1,...,k — 1. Enumerate the elements of Ug into an w-
sequence vg,v1,v9,.... We assign to the element v, for n € w the sequence
o(vp):=(s0,81,...,8,—1) where s; is the label of the element in F for which
the function mapping 0 to v; and 1 to v, is an isomorphism. Note that the
sequence associated with the element vg is the empty sequence ().

Conversely, let T be a set of finite sequences of different lengths and with
entries the numbers from 0 to k—1. Let s,t €T and the length of s equal to [
and shorter than the length of t:=(tg,t1,...,t,). Let A€F be the relational
structure having label ¢; and let E € £. Then define E(s,t) if and only if
E(0,1) holds in A. We obtain a relational structure with language £ and
base set T'. Note that this assignment of sequences to the elements of Up is
an isomorphism of Uy to the set of sequences so obtained and endowed with
the relations as described.

Hence if T is the tree of all finite sequences with entries in k£ and we
stipulate that between two sequences of the same length no relation holds,
then T is endowed with a relational structure of type £. It is not difficult to
see that every cofinal subset of T" in which no two elements have the same
length forms an isomorphic copy of Uy inside of 7.

We will use this relationship between universal homogeneous structures
and trees and known partition results on trees to establish partition results
for universal structures. In particular the results are of the following na-
ture.
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Let vg,v1,v9,... be an enumeration of Up. Let n€w and F' an n-element
subset of the elements of Ug. Let S be the set of sequences corresponding to
set of elements of F'. Then S is a subset of the tree T of all sequences with
entries in k. We will define, see Definition 3.3, a “similarity” between subsets
of T'. Two subsets of T" being similar if their meet closures “look alike”. This
equivalence relation between meet closed subsets of T' relates backwards to
an equivalence relation between subsets of Ug, defining a partition of the
n-element subsets of Ug into similarity classes.

Some of the similarity classes have a representative in every “copy” of
Upr while others don’t. We will use the notion of “strong similarity”, a finer
partition than similarity, as a technical device in the proofs.

It is proven in [4] that each of the similarity classes of the n-element
substructures is “indivisible” and that canonical partitions exist. The min-
imality of those partitions is not established in [4]. That is, the minimality
part of the proof that the partition is indeed canonical is missing. In the
present paper we will use the results in [4] to show that the partitions de-
fined there are canonical. Then we will use techniques from [6] to generalize
the result for partitions into finitely many classes to partitions into infinitely
many classes.

The recent preprint [3] develops an algorithm to compute the size of such
canonical partitions. See also [6] and [4] for a more extensive discussion of
the existing literature, including an early result of Erdés and Rado who
determined (see [2]) the canonical partitions for [N]".

We will use the notation and the results from [4]. For completeness some
of those definitions and results will be restated. The techniques developed
in [6], to deal with partitions of the rationals in infinitely many parts, can
also be used in the case of countable binary homogeneous structures and,
except for a change of notation, are just transferred from [6].

2. Canonical partitions

Let A=(A,£) be a relational structure. A copy A* of A in A is an induced
substructure of A which is isomorphic to A. More general, if B=(B, £) is a
relational structure then a copy A* of A in B is an induced substructure of
B which is isomorphic to A.

Let @ be a set of finite subsets of [A]". The set Q is indivisible if for
every partition Cp,C,...,Cy—1 of @ into m €w subsets there exists a copy
A*=(A*,£) of A in A so that all of the subsets of A* which are in @) are in
C}, for some kem.
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A set @ C[A]™ of n-element subsets of A is persistent if for every copy
A*=(A* L) of A in A we have [A*]"NQ#0.

Definition 2.1. Let A= (A, £) be a relational structure. A canonical equiv-
alence relation of [A]" is an equivalence relation on [A]" with finitely many
equivalence classes so that each of the equivalence classes is persistent and
indivisible. The set of equivalence classes of a canonical equivalence relation
form s what we call a canonical partition.

It follows that if C(n) is a canonical equivalence relation on [A]" and &
is any equivalence relation on [A]"™ with finitely many equivalence classes,
then there is a copy A*=(A*, £) of A in A so that C(n) restricted to [A*]"
is a subset of & restricted to [A*]™.

Conversely, if C is an equivalence relation on [A]™ so that for every equiv-
alence relation £ on [A]” with finitely many equivalence classes, there is a
copy A* = (A*,£) of A in A so that C restricted to [A*]" is a subset of £
restricted to [A*]™ and if every equivalence class of C is persistent then C is
a canonical equivalence relation on [A]".

It is usually not the case that the zero definable n-element substructures,
that is the different n-element embedding types of A = (A, L), determine a
canonical partition. A set of induced n-element substructures isomorphic to a
given n-element substructure being usually not indivisible. Some additional
structure on A is necessary to define a finer partition. In all cases so far
known, this additional structure is an order induced by an w-enumeration
of A.

It turns out that the situation is somewhat more intricate in the case
of equivalences with infinitely many equivalence classes. Moreover, let A =
(A, £) be a relational structure and C a canonical equivalence relation on
[A]". Let € be the set of equivalence relations D with CCD. It follows that
¢ is finite and if £ is any equivalence relation on [A]" with finitely many
equivalence classes, then there is a copy A* = (A*,£) of A in A and an
equivalence relation D € € so that the restriction of D to [A*]" is equal to
the restriction of £ to [A*]". We will prove that this property of € extends
to equivalence relations with infinitely many equivalence classes in the case
of universal binary countable homogeneous structures.

Definition 2.2. Let A = (A,£) be a relational structure and n € w. A
finite set €(n) of equivalence relations on [A]" is called a canonical set of
equivalence relations of the n-element subsets of A if for every partition £ of
[A]™ there is a copy A*=(A*,£) of A in A and an element C € €(n) so that
the restriction of £ to [A*]" is equal to the restriction of C to [A*]".
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Note that the elements of a canonical set of equivalence relations do not
have to be canonical equivalence classes. A stronger concept is the following.

Definition 2.3. Let A=(A,£) be a relational structure and n€w. A finite
set €(n) of equivalence relations on [A]" is called a basis for the equivalence
relations of the n-element subsets of A if:

1. For every equivalence relation & of [A]"™ and copy A* = (A*,£) there is
a copy A** = (A* £) of A in A* and an element C € €(n) so that the
restriction of £ to [A**]™ is equal to the restriction of C to [A**]™.

2. If & and & are two different elements of €(n) and A* = (A*,£) is a
copy of A in A then the restriction of & to [A*]" is different from the
restriction of & to [A*]".

Note that every basis for the equivalence relations of the n-element sub-
sets of A is a canonical set of equivalence relations of the n-element subsets
of A. Tt also follows that any two bases for the equivalence relations on [A]"
have the same size.

3. Sequences

We denote by T, the set of all finite sequences with entries in w. The length
of a sequence x = (xg,x1,...,Zp—1), |z|, is n. We write y C x if y is an
initial segment of x. The meet, x Ay, of the sequences x and y is the longest
sequence which is an initial segment of z and of y. For N € w, then x[N is
the restriction of x to N, that is the initial segment y of x so that y(i)=x(7)
for all i <min{N,|z|}. If SCZT,,, then closure(S) is the set S union the set
of all meets of elements in S, and S[N:={y[N:y€S and |y|>N}.

Definition 3.1. Let z,y € T,. Then we write z <y if and only if x and y
are incomparable under C and z(|zAy|) <y(|zAy]).

Note that < is not a total order on ¥, since it only considers incomparable
sequences under C. But for example it is a total order on sequences of the
same length.

Let z,y € ¥,. The sequence x is an immediate successor of y if y C x
and |y|+1=|z|. If S be a set of sequences, then the degree of y in S is the
number of immediate successors x of y for which there is z € .S with x C z.
Moreover a sequence y € S is an endpoint of S if the degree of y in S is
zero. We also write closure(S) for the set {z Ay :z,y € S}. Observe that
closure(closure(.S)) = closure(.S).

A set S of sequences is called an antichain if x Cy implies z =y for all
x,y€S. It is called transversal if |z|=|y| implies x =y for all x,y€S.
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Definition 3.2. A set S C ¥, of sequences is called diagonal if it is an
antichain, closure(S) is transversal, and the degree of every element of
closure(S) is at most two. We further write A,,(S) for the set of diagonal
n-element subsets of S. If N Cw, then also write Ay (S)=U,cy An(S5).

Definition 3.3. Let R,5C%T, be two sets of sequences. The function f of
R to S is a similarity of R to S if for all x,y,z,ue R:

f is a bijection.

xAyCzAw if and only if f(z)A f(y) Cf(2)A f(u).

[z Ay|<[zAwul if and only if [f(z) A f(y)[ <|f(2) A f(u)].
If [2[ > |z|, then z(|z|) = f(2)(|f(x)]).

If x <y, then f(z)=<f(y).

The sets R and S of sequences are similar, written R~ S, if there is a
similarity of R to .S. Note that if R is diagonal and R and S are similar,
then S is diagonal. We denote by Simz(R) the set of all subsets of T which
are similar to R. The function f of R into %, is a similarity embedding if f
is a similarity of R to f[R].

It follows from Definition 3.3 that if R ~ S, then there is exactly one
similarity which is called the similarity of R to S. Note that the composition
of similarities is again a similarity and the inverse of a similarity is again a
similarity. Hence ~ is an equivalence relation on T,,.

A similarity function f extends via f(zAy)= f(z)A f(y) uniquely to a
bijection f* of closure(R) to closure(S). This extension f* of f is a meet
and <-preserving function, but may not itself be a similarity.

Note also that Item 1. of Definition 3.3 follows from Item 2.

An ~-equivalence class whose elements are diagonal is called a diagonal
~-equivalence class.

Tl W=

Definition 3.4. An infinite set T C T, is called an w-tree if T" has no
endpoints and every element of T has finite degree and T is closed under
initial segments.

Definition 3.5. An w-tree T is called a wide w-tree if for all z,y €T

1. |z| < |y| implies that the degree of z in T is less than or equal to the
degree of y in T'.
2. Ifiekew and (z;k) €T then (x;i)eT.

Definition 3.6. A wide w-tree T is called a reqular w-tree of degree k if the
degree of every element of T' is k.
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Unless specifically noted, all w-trees in this paper will be regular w-trees
of some degree k € w. Note that for each k there is a unique wide w-tree T'
of degree k.

Lemma 3.7. Let T be a regular w-tree of degree k and n € w. Then the
equivalence relation ~ restricted to the n-element subsets of T' has finitely
many equivalence classes.

Proof. Let R be an n-element subset of T'. We associate with every pair
x <y of elements of R the triple of symbols (a,b,c) so that:

1. @ is the symbol C if x Cy, and otherwise a is the symbol .

2. b is the symbol < if |z|<|y|, the symbol = if |x|=]y|, and the symbol >
otherwise.

3. c=y(|z]) if |x| <|y|, and ¢=0 otherwise.

Let R and S be two n-element subsets of T. We write R=.S5 if there is
a bijection f of R to .S so that for every pair of elements x < y we have
f(x)< f(y) and the triple of symbols associated with z <y in R is equal to
the triple of symbols associated with f(z)< f(y) in S.

It follows that R~ S if and only if R=.S. There are at most 2" elements in
closure(R) and hence at most finitely many pairs of elements in closure(R).
Because R is a subset of a regular w-tree there are only finitely many such
triples of symbols. Hence the equivalence relation = has at most finitely
many equivalence classes. |

Definition 3.8. Let S, T C%,. The function f:S —T is a 0-morphism if
for every diagonal subset F' of S, the restriction of f to F' is a similarity
embedding of F' into T

Definition 3.9. Given any regular w-tree T', a map f:T — T is a passing
number preserving (pnp) map if:

L. |z|<|y| implies |f(x)[<[f(y)|-
2. If [z| <[y then y(|z|)= f(y)(|f(x)]).

The number y(|z|) is called the passing number of y at x.

Lemma 3.10. Let S, T C %, and S an antichain. Every 0-morphism of S
to T is a pnp map.

Proof. Let z,y€ S with |z|<|y|. The set {z,y} is diagonal. |
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4. Persistence

In this section we prove a most important result that a pnp image does not
eradicate any ~-equivalence class.

Theorem 4.1. Let T be a regular w-tree, D CT diagonal, and ¢:T —T a
pnp map. Then there is a similarity embedding of D into ¢[T].

Proof. Fix a pnp map ¢ :T — T'. For the purpose of this proof, we call a
set LC @[T large if $~1[L] is cofinal above some t€T. Moreover, given any
tree S and x € S, we write Z(S) ={y € S:x Cy}. We simply write & when
the underlying tree S is understood.

Lemma 4.2. Let ncw. If L=\J;_,, L; is large, then L; is large for some i.

Proof. Let ¢! (L) be cofinal above t€T. If none of the L;’s are large, then
successively choose ¢ C sg C 51 C --- C 5,1 such that ¢~![L;]N5; = 0. But
then ¢~ ![L]Ns,_1=0 as well, a contradiction. 1

Enumerate closure(D) as {d;:i<w} in increasing length, i.e. i <j implies
|d;| <|d;|. We may assume without loss of generality that () ¢ closure(D) and
we define d_; =0). This will facilitate the description of the construction.

We shall define recursively, sets of sequences Ty C ¢[T], maps fi and ¢y,
and N € w such that:

fr is a similarity embedding of {d;:i€k} to Tk.

|t| < Ny for all t € T.

t is large for all t € T}, | Ny.

All maximal nodes of T}, are either in T} [N}, or else in the range of fj.
¥y is a <-preserving bijection of D[(|dg_1|+1) to Tk [Ng.

T—1CTy, fr—1C fr, and N1 <Ny if 1<k,

ANl e

Let No=|p(0)|. Since

U v is a large set,
ve[T][No

one of these v is large by Lemma 4.2. Put Ty = {v} with v € ¢[T'][ Ny so that ¥
is large. Since d_; ¢ closure(D) by assumption, we have D[(|d_1|+1)=D](1)
is a singleton set s. Let ¢(s)=v, and fo=0.

Now assume that T}, ¢x, and fi have been defined as above. We proceed
to construct Ty41, dp+1, and fr1q1 depending on two different cases.
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Case I. dy¢D.

Then dj, is the meet of (at least) two different elements, say dj,,d}, of D.

Put t =1y (dy, | (|dg—1|+1)). By assumption, the set # is large, so ¢~ []
is cofinal above some s€T. Let Nii1:=|¢(s)|+1. Since ¢ is a pnp map, we
must have in particular:

(V5" 2 5) o(s")(I8(s)]) = 5'(s])-
Therefore, for each i€ {dj(|dx|),d} (|dk])}:

—

U (t';4) is a large set.
t'e tllos)]

By Lemma 4.2 again we can find, for each such i, a t; € t]|¢(s)|, such that

—

(th:1) is large.

Define 9541 on (DNdy)[(|dk|+1) (which has size exactly two), as the
unique <-preserving map onto the two t/’s.

For w € D|(|dg—1|+ 1)\ {di[(|dr—1| + 1)}, choose v, € ¥y (u)[Ngiq1 such

that v, is large. This is again possible since

U v s a large set,

vem [ Nyt

which implies that one of the sets v is large by Lemma 4.2. Every u €
D[(|dg—1]+1)\{dk[(Jdk—1|+1)} has a unique extension v’ € D[(|d|+1). Let
V1 (W) =0y, fr41= fi, and let

Tpyr =T U{to, 11} U {ou : w € DI(|dp—1| + 1) \ {di[(|dp—1] + 1)} }.

This completes the construction in this case, and conditions 1-6 are easily
verified.

Case 1I. deD.

By assumption, ¢ is large for each t € T}, [Ny, so (ﬁ*l[ﬂ is cofinal above
some s’ € T. Choose M >max{|s'|:t €T} Ny}

Now fix ¢ : =y (dg | (Jdg—_1]|+1)) € Ty [ Nk, and choose s D s' of length M.
Let Ngy1=|¢(s)|+1, and extend fi so that fri1(d)=0¢(s).

It is worth noting that dj, is the only node of D[|dy| above dj[(|dk—1|+1);
this is so, due to our chosen ordering of the d;’s and the fact that closure(D)
is transversal.
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For every u € D|(|dk_1| + 1) \ {dg[(Jdk—1| + 1)} there is a unique u’ €
D|(|dg|+1) above u. We have to define 151 (u’). For this, fix such a u and
let v=1y(u) €T [Ng. We claim that

S = U v’ is a large set.
UIETL)\rNk+1

o' (|p(s))=u"(|dx])

The reason for this is that o is large by assumption. In fact ¢~![7] is cofinal
above sV defined above. Hence cofinal above each s’ extending sV of length M
satisfying s'(|s|) =u'(|dk|). Since ¢ is pnp it follows that ¢(s")(|¢(s)])=5"(|s|)
for all such s’ and hence S is a large set. .

Lemma 4.2 again allows us to find such a v), so that v/, is large. We define

Vi1 (u') =y, for all we D[(|dg—1|+1)\{dk[(|dx-1|+1)} and
Thoy1 = T U{d(s)} U {vy, s w € DI(|dg—1| + 1)\ {dg [(|d—1| + 1)} }.

This completes the construction in Case II.
Clearly f = fx is the desired similarity embedding of D into f[D]C
o[T7]. I

5. Partitions of sets of sequences

Definition 5.1. A set FFC %, of sequences is called strongly diagonal if it
is an antichain and closure(F') is transversal and for all z,y,z € F with x #y:

1. |[xAy|<|z| and Ay Z z implies z(|z Ay|)=
2. z(|lzAy|)e{0,1}.

It follows that every subset of a strongly diagonal set is strongly diagonal.
Note that Item 2. of Definition 5.1 implies that the degree of every element
of closure(F) is at most two and hence that every strongly diagonal set is
diagonal.

Definition 5.2. Let R,S C%, be two sets of sequences. The function f of
R to S is a strong similarity of R to S if for all z,y,z,u€ R:

1. f is a bijection.

2. zANyCzAw if and only if f(z)A f(y)C f(2)A f(u).

3. |z Ayl <|zAul if and only if [f(z) A f(y)|<|f(2) A f(u)].
[z > |z Ayl then z(J Ay)|= f(2)(|f (@) A F(y)])-

If F'is a subset of a set R of sequences then Simsg(F') is the set of all subsets
of R which are strongly similar to F'.

S
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Every strong similarity is a similarity and every strong similarity of a set
R of sequences has a unique extension to a strong similarity of closure(R).
The notion of strong similarity will mainly be applied to sets of sequences
which are antichains.

Definition 5.3. Let S and T be two subsets of T,,. The injection f of S to
T is a strong diagonalization of S to T if for all x,y,z,u€S:

1. The set of sequences f[S] is strongly diagonal.

2. |z Ayl <|zAu| implies | f(z) A f(y)| <|f(2) A f(u)l.
3. If || > [y then z(|y|)= f(x)(|f (y)))-

4. If <y then f(x)=<f(y).

Note that every strong diagonalization is a pnp map.

The following Lemma 5.4 is Lemma 3.6 of [4], the following Lemma 5.5
is Lemma 3.7. of [4], the following Theorem 5.6 is Theorem 4.1 of [4], and
finally the following Theorem 5.7 is Theorem 6.2 of [4].

Lemma 5.4. If f is a similarity of the strongly diagonal set I to the
strongly diagonal set G then f is a strong similarity.

Lemma 5.5. Every strong diagonalization is a 0-morphism.

Theorem 5.6. Let T be a regular w-tree and D a cofinal subset of T'. Then
there exists a strong diagonalization f of T into D.

Theorem 5.7. Let T be a regular w-tree, f a strong diagonalization of T,
A a finite subset of f[T'], and CoUC U---UCy, 1 =Simsy)(A) be a partition
of Simsgir)(A). Then there is k € m and a strong diagonalization g of T
with g[f[T]]C f[T] so that

Simsgof[T] (A) - Ck
Corollary 5.8. Let T be a regular w-tree, h a strong diagonalization of T',
A a finite diagonal subset of T', and CoUC1U---UCyy,—1 = Simy71(A) be a
partition of Simyr)(A). Then there is k€m and a strong diagonalization r
of T with r[h[T]] Ch[T] so that

Simroh[T] (A) C Ck.

Proof. It follows from Lemma 5.4 that Simsyir(h[A]) = Simy7(A) and
Simsgohm (h[A]) == Simgohm (A) I
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Theorem 5.9. Let T be a regular w-tree, S a cofinal subset of T', and f a
pnp map of S into T' with R= f[S]. Let A be a finite diagonal subset of R
and CoUC1U---UCy,—1 =Simpg(A) be a partition of Simpg(A). Then there
is k€m and a 0-morphism g of T with g[T|C R so that

Simg[T] (A) C Ck.
If f is the identity on S, then g can be taken to be a strong diagonalization.

Proof. Let n€w be the number of elements of A.

According to Theorem 5.6 there exists a strong diagonalization h of T’
into S. Then D := h[T] is diagonal and ¢ := foh:T — T is a pnp map.
Hence, according to Theorem 4.1, there is a similarity embedding [ of D
into ¢[T]. Then I[D]C f[S]=R and hence (C;N[I[D]]";i€m) is a partition
of Simy[p)(A).

If A" € Simyry(A) then [[A] € Simyp(A). Let Cf := {A" € Simy7)(A) :
I[A € Ci}. Tt follows that (Cf;i€m) is a partition of Simyr(A).

According to Corollary 5.8 there exists k € m and a strong diagonalization
rof T with r[A[T]] Ch[T] so that Sim,qpi7(A) C Cy. Then Simyg,opiry(A) C
Ci. It follows from Lemma 5.5 that g:=loroh is a similarity embedding,
and from Lemma 3.10 that g is also a pnp map.

If f is the identity on S then [ can be taken to be the identity on h[S]. I

Corollary 5.10. Let T be a regular w-tree and S a cofinal subset of T'. Let
A be a finite diagonal subset of S and CoUCyU---UC,,—1 =Simg(A) be a
partition of Simg(A). Then there is k€ m and a strong diagonalization g of
T with g[T]C S so that

Simg[T] (A) - Ck

Corollary 5.11. Let T be a regular w-tree, S a cofinal subset of T', and f
a pnp map of S into T' with R= f[S]. Let N Cw be finite, [ € w, and K; a
finite set for every i€l. For all i€l, let f;: Ay(R)— K; be a function.

Then there exists a 0-morphism h : T — R so that for every i € [ and
né€ N and ~ equivalence class P of A, (h[T]) the function f; restricted to P
is constant.

Proof. First let n€cw, N={n}, =1, and A€ A, (T). Then the function
fo induces a partition of Simpg(A) into finitely many classes. It follows from
Theorem 5.9 that there is a d-morphism h of T' with ¢g[T] C R so that the
function fj is constant on the ~ equivalence class Simy,7)(4).

The result now follows by repeated application of the above argument
because T is a regular w-tree and hence the number of ~ equivalence classes

of A, (R) is finite. 1
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6. Equivalences with infinitely many classes

In this section we discuss some generalizations to the case of equivalence
relations with possibly infinitely many classes.

Definition 6.1. Let SC¥,, and n€w. A set € of equivalence relations on
[S]™ is called a basis for the equivalence relations on [S]™ if:

1. For every pnp copy R of S in S and every equivalence relation Q on [R]"
there exists a 0-morphism A of S into R and an equivalence relation E € &
so that

EN[[A[S]"]* = QN [[A[S]"]*.

2. If E1 and Es are two different elements of € and R is a pnp copy of .S in
S then

E N [[R]"] # E2 0 [[R]"2

As in the relational structure case (see Section 2), one can easily show
that any two countable bases for the equivalence relations on [S]" have the
same size. We do not know if this generalizes to the uncountable situation,
but we thank the referee for pointing out the following result, that such a
basis must be of size continuum in some circumstances.

Lemma 6.2. Let S C ¥, be cofinal in some wide w-tree of unbounded
degree, and n>2. Then a basis for the equivalence relations on [S]" must
have the same size as the continuum.

Proof. Fix such an S and n>2. Any basis for the equivalence relations on
[S]™ has size at most the cardinality of the continuum since [S]" is countable.
It thus suffices to show that it cannot have size any smaller.

For X C S define

pnp(X) = {k € w: 3z,y € X[|z| < |y| and y(|z|) = k]}

Then for every pnp map f:5— S, {pnp(X): X €[f(S)]"} =[w]<"™ since S is
cofinal in some wide w-tree of unbounded degree.

Now for each A C [w]<", partition [S|" = IN4UOUT, where X € INy4
if and only if pnp(X) € A, and let ~4 be the corresponding equivalence
relation.

It is now evident that any basis for the equivalence relations on [S]"
must contain a distinct relation for each ~ 4, and thus must have size at
least continuum. |
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Lemma 6.3. Let T be a regular w-wide tree, S C T a cofinal set and f :
S— S a pnp map with R= f[S]. Then there is a 9-morphism ¢g:T — R such
that g[T] is a diagonal subset of R.

Proof. Use Theorem 5.6 to choose a strong diagonalization d:T — S. Let
¢=fod:T—S. Then ¢ is a pnp map and D=d[T] is a diagonal set. Apply
Theorem 4.1 to get a similarity embedding e: D — R. Then g=eod: T — R
is the desired d-morphism. |

Definition 6.4. Let SC%,,. Then
O,(S) :={(A, B) € [[S]"]? : AU B is diagonal}.

Definition 6.5. Let A, B,C,D € [%T,]". We write A: B=C:D if (A,B)=
(C,D) or if (A,B),(C,D) € ©,(%,) and AUB~CUD and f[A]=C and
f[B]=D, where f is the similarity of AUB to CUD. We write A:B~C:D
for A:B=C:D or A:B=D:C.

Let AUB and CUD be diagonal. It follows that A: B~C": D if and only
if AUB~CUD and {f[A], f[B]}={C,D} where f is the similarity of AUB
to CUD. If one of AUB or CUD is not diagonal then A: B~(C'": D if and
only if (A, B)=(C, D). The relation =~ is an equivalence relation on [[T,]"]?.
We may also write (A,B)~(C,D) for A:B~C":D.

Let n € w and A", A" C [[Z,]"]?. A bijection h: A" — A” is called an
equivalence if (A, B)~h(A,B) for all (A, B) in A. If there is an equivalence
of A" to A” then A" and A” are said to be equivalent.

Definition 6.6. Let SCT, and n€w and ACO,,(S). The set A is called n-
saturated for S if for every element (C, D)€ 6,,(S) there is a pair (A,B)e A
such that A:B~C":D.

An n-saturated set for S is called minimal if it has no proper subset which
is n-saturated for S.

It follows that if an n-saturated set A for S is equivalent to a set A’ C
[[S]"]?, then A’ is n-saturated for S. Observe that ©,,(S) itself is n-saturated
for S, but in some circumstances there actually are finite saturated sets.

Lemma 6.7. Let T be a regular w-tree and n € w. Then there exists a finite
n-saturated set A for T.

If A is a minimal n-saturated set for T', then (A, B)#(C,D) for any two
different elements (A, B),(C,D) € A. Moreover, if A’ is another n-saturated
set with the minimal number of elements, then A and A’ are equivalent.
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Proof. Given (A,B) € 0,(T) we have n < |[AU B| < 2n. Let E be the
equivalence relation on A:= A, (T)xA,,(T) given by (4, B)E(C,D) if AUB ~
CUD. It follows from Lemma 3.7 that E has finitely many equivalence
classes.

The equivalence relation ~ is a subset of the equivalence relation E.
It remains to prove that ~ partitions every equivalence class of E whose
elements are diagonal into finitely many equivalence classes of ~. So let
(A,B),(C,D) € A such that (A,B),(C,D)€6,(T) and AUB~CUD, let f
be the similarity of AUB to CUD, and put m=|AUB|. Then A:B~C":D
just in case {f[4], f[B]}={C,D}.

It follows that the equivalence class of E containing AU B is partitioned

1

into - (") - (,,",,) equivalence classes of the equivalence relation ~.

The second part of the assertion follows trivially. |

Definition 6.8. Let T be a regular w-tree, and n €w. We denote by A,,(T)
some fixed finite minimal n-saturated set for 7.

Definition 6.9. Let S C T, n € w, and T C 60,(%,,). The set 7 is n-
transitive for S if:

1. For every C'€ A, (S) there is a pair (A, A) €7 with A~C.

2. For all (Al,Bl), <A2,B2) €7 and all C,D,EEAn(S) with A;:B1~C:D,
Ag:By~D:E and (C,E) € 0,(%,), there is a pair (As,Bs) €T so that
Ag . Bg ~C:FE.

For AC[A,(5)]?, we will denote by trans(A) the set of n-transitive (for S)

subsets of A.

One can easily verify that if 7 is equivalent to 7’ and 7 is n-transitive
for S, then 7’ is n-transitive for S as well.

Let T be any regular w-wide tree, n € w and A", A" C ©,(T) be two
minimal n-saturated sets for 7. By Lemma 6.7, there is an equivalence h :
A" — A”. Then for all n-transitive 7 C A, the set h[T] is an equivalent n-
transitive subset of A”. Thus the mapping 7 — h[7] is a bijection between
the n-transitive subsets of A" and the n-transitive subsets of A”.

Lemma 6.10. SupposeT is a regular w-wide tree, n €w, A, (T) is a minimal
n-saturated set for T, and ©,,(T) C A,,(T') is n-transitive for T. Then for all
0-morphisms g:T —T and (C,D)€0,(T),

IA,B)eT g[C]:g|[D]~A:B<=3(A,B)eTC:D~A:B.

Since strong diagonalization is a 0-morphism by Lemma 5.5, the above
Lemma shows that for pais (C,D) € ©,,(T"), the following definition is inde-
pendent of the choice of ¢ and the choice of A,,(T).
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Definition 6.11. Suppose T is a regular w-wide tree and n € w, and fix a
strong diagonalization 1 :T — T For all n-transitive 7 C A,,(T), define the

relation ~ on [[T]"]? by:
C A D if and only if 4[C] : )[D] ~ A : B for some (A,B) € T.

Let €,(T):={~:T e trans(4,(T))}. Moreover, for any SCT, let &,(S):=
{X1[S]")?: T e trans(A,(T))}.

Lemma 6.12. Let T be an w-wide tree and n € w. Then the relations in
¢, (T) are all equivalence relations.

Proof. We first verify that ~€ &,(T) is an equivalence relation on [T]"]?.

Reflexivity follows from Item 1. of Definition 6.9 and symmetry follows
from the definition of ~, Definition 6.5.

In order to verify transitivity, let A ~ B and B ~ C.If A=B or B=C,
then A~ C. So suppose that A= B+#C'. Then there must be (A1,B;) and
(A2,Bs) in T such that Ay: By ~1[A]:¢[B] and Ay: By ~1)[B]:9[C]. Since
¥ is a strong diagonalization, (¢Y[A],[C]) € ©,(T'). By Definition 6.9 there
is a pair (As,Bs) € T such that As: Bs ~[A]:4[C]. This implies A ~ C
and hence that the relation ~ is transitive. ]

We are now ready to show that if S is a cofinal subset of some regular
w-tree, then the equivalence classes of relations in &,(S) form a canonical
set of partitions of the n-element subsets of S.

Theorem 6.13. Let T be a regular w-tree, S a cofinal subset of T', and
ne€w. Then €,(S) is a finite basis for the equivalence relations on [S]".
Proof. Since the restriction of an equivalence relation E defined on [[T]"]?
to [[S]")? is an equivalence relation, it suffices to verify Items 1. and 2. of
Definition 6.1.

To verify Item 1. we must define an n-transitive set 7 C A,,(7"). Toward
that end, let N ={|AUB|: (A,B) € A,(T)}. Let f be a pnp map of S
into S with R = f[S]. Use the diagonal representation lemma to find a
0-morphism d : T — R with f[T] diagonal, and let R’ := f’[S]. Then by
Lemma 3.10, f’ is a pnp map. Next define for every (A, B) € A, (T) a function
pa,B): AN(R')—{0,1} such that

1 if AUB ~ F and [[A]QI[B] ,
pa,)(F) = where [ is the similarity of AU B to F;
0 otherwise.
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According to Corollary 5.11, there exists a 9-morphism h:T — R’ so that
for every (A,B) € AN(T), m € N and ~ equivalence class P of A,,(h[T]),
the function p( p) restricted to P is constant. Let

T = {(A, B) € An(T) : p(a,p)[Simypr (AU B)] = {1}}
= {(A, B) € 4,(T) : VF € Simy7(AU B)(p(a,)(F) = 1)}

It follows that (A,B) € 7 if and only if for all (h[C],h[D]) € A, (h[T])
with A: B~h[C]:h[D] we have h[C]Qh[D] if and only if h[A]Qh[B].

We verify that 7 is an n-transitive subset of A, (T"). Let C € A,(T).
Then there is (A4, A) € A, (T) with A~C since (C,C)€6,(T) and A, (T) is
n-saturated. It follows that (A, A) €7 because h[A]Qh[A].

Now suppose (A1,B1),(A2,B2) €7, and C,D,E € A,(T) are such that
C:D~A:By, D:E~Ay: By, and (C,D) € ©,,(T). Then h[C|Qh[D]
and h[D]Qh[E] and hence h[C|QR[E]. Since h[C]UR[E] is diagonal, there is
(Ag,Bg) € An(T) with As:Bg~ h[C] : h[E] and (Ag,Bg) € 7. Since (C,D) S
O,,(T), the set CUD is diagonal. Since h is a 0-morphism, C': D ~h[C]: h[D].
Thus Az:B3~C":D as required for the second item of Definition 6.1.

Finally let E=~ and let R”:=h[S]C R'. Let h[C], h|D] be a pair of n-
element subsets of R”. The set h[C]UhA[D] is diagonal because it is a subset
of the diagonal set R’. Thus, since A,,(T) is n-saturated fot T, there is some
(A,B) € A,(T) such that A: B~h|[C]:h[D]. Then h[C|EA[D] if and only if
h[C]~h[D] if and only if (A, B)eT if and only if h[C]Qh[D].

To verify the last basis condition, let Z and X be two different elements
of ¢,(S) and R= f[S] where f is a pnp map of S into S. By definition of
¢,(S) and &,(T), T'#T". Without loss of generality, let (A,B)e7'\7T".
Use the diagonal representation lemma to find a 9-morphism f': 7T — R
with f'[T] diagonal. Then f'[A] Y f'[B] but not f'[A] Y f'[B]. Hence the

. 7! 7" . .
restrictions of ~ and ~ differ on pairs of n-element subsets of R. I

7. Homogeneous structures

Let £ be a binary relational language. A set A of finite relational structures
in the language £ has the amalgamation property if for any three elements
A,B,C of elements in A, embeddings f:C— A and ¢g:C — B, there exists an
element D€ A and embeddings f/:A—D and ¢':B—1D so that f'of=g¢ og.

A set A of finite relational structures in the language £ is updirected if
for every two elements A and B in A, there exists an element DD € A into
which both structures A and B have an embedding.
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A set A of finite relational structures in the language £ is an age if it is
closed under induced substructures, isomorphic images and updirected. Let
U be a countable relational structure. The set of finite relational structures
which have an embedding into U is the age of U.

Theorems 7.1 and 7.4 are due to Fralssé, see [5].

Theorem 7.1. Let U be a countable relational structure. The age of U is
a countable age. Conversely, if A is a countable age then there exists a
countable relational structure whose age is equal to A.

Definition 7.2. The countable relational structure U with age A has the
mapping extension property if for every structure A= (A, £) € A and every
element x in A and every embedding f of A—x into U there is an extension
of f to an embedding of A into U.

Definition 7.3. A countable relational structure U is homogeneous if it has
the mapping extension property.

Theorem 7.4. Let A be a countable age with amalgamation. Then there
exists, up to isomorphism, a unique and countable homogeneous structure
whose age is equal to A. The age of every countable homogeneous structure
is a countable age with amalgamation.

Let F be a universal constraint set in the language £. It is not difficult
to see that the set A of all finite relational structures in the language £,
with the property that for every element A= (A, £)€ A every two element
induced substructure of A is isomorphic to an element of F, is an age. Hence
there exists a unique homogeneous structure Ug with age A. This structure
Up is the universal binary countable homogeneous structure with language
£ and constraint set F.

Let F be a universal constraint set int the language £ and with |F|=k.
Let A be a bijection of F to k. Let Up = (U, £) be the universal binary
countable homogeneous structure with language £ and constraint set F. Let
vg,v1,V2,03,... be an w-enumeration of U.

As described in the Introduction we associate with every element v, of
U a sequence o(vy,) of length n so that for every i€n the i’s entry o(v,)(i)
is the label A(A) of the element A € F for which the function mapping 0 to
v; and 1 to v, is an embedding of A into Ugp. Note that ¢ is an injection
of U into the regular w-tree T' of degree k and that o(v,)(7) is the passing
number o(vy,)(|o(v;)|) of o(vy,) at v;. Note also that 0 =0 depends on the
labelling A.

Conversely we define a relational structure Ty = (7, £) with domain the
regular w-tree T of degree k. Let s=(so,51,...,8,—1) and t=(to,t1,...,tm—1)
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be two elements of T with m>n and let R€ £ be a binary relation symbol.
Then R(s,t) if R(0,1) in the structure A € A for which A\(A) =¢(|s|). The
relational structure Tp= (T, £) is the tree with constraints F.

Note: Let m >n and F € F. Then o(vy,)(|vn|) = A(F) if and only if the
function which maps 0 to v, and 1 to v, is an isomorphism of F to the
substructure of Ty induced by {v,, v}

Given a universal countable binary relational structure U= (U, £) we will
always assume that U is ordered into an w sequence and that the function
o of U into the regular w-tree T is as defined above.

Theorem 7.5. Let F be a universal constraint set in a binary relational
language £ with |F|=Fk and let \ be a bijection of |F| into k. Let T' be the
regular w-tree of degree k and Up = (U, £) the universal binary homogeneous
structure with constraints F. Let vg,v1,v2,... be an w-enumeration of U
and o the association of the elements of U with elements of T via the given
enumeration of U and the labelling )\ of the elements of F. Let Tp = (T, %)
be the tree with constraints F.

The function o is an isomorphism of Ug to the substructure of Ty induced
by o[U].

Proof. Let Re £ and n<m and R(vy,vm). Let F€F for which the function
mapping 0 to v, and 1 to vy, is an isomorphism of F to the substructure of
Uy induced by {vy,, v, }. Then R(0,1) and o (vy,)(|o(vy)|) =0 (vm) (n) = A(F).
Hence R(o(vy,),0(vm))-

Conversely, let R € £ and n <m and R(c(vy),0(vm)). Let F € F with
0 (Um)(lo(vm)]) =A(F). Then R(0,1) in F and the function which maps 0 to
v, and 1 to v, is an isomorphism of F to the substructure of Ug induced
by {vn,vm}. Hence R(vy,vp,). |

Theorem 7.6. Let F be a universal constraint set in a binary relational
language £ with |F|=Fk and let \ be a bijection of |F| into k. Let T' be the
regular w-tree of degree k and Up = (U, £) the universal binary homogeneous
structure with constraints F. Let vg,v1,v2,... be an w-enumeration of U
and o the association of the elements of U with elements of T via the given
enumeration of U and the labelling \ of the elements of F. Let Tp = (T, %)
be the tree with constraints F.

Then o[U] is a transversal cofinal subset of the regular w-tree of degree k.

Let D be a transversal and cofinal subset of T'. Then the substructure of
Ty induced by D is isomorphic to Ug.

Proof. The set o[U] is obviously transversal. Let s = (sg,s1,...,5,-1) € T.
Let = be an element not in U and A= ({v;:i €n}U{z},£) be a relational
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structure in language £ and base set {v;:i€n}U{z} so that A restricted to
{vi:i€n} is equal to U restricted to {v;:i€n} and so that A(F)=s; where
F € F is isomorphic the restriction of A to {v;,x}. Then A is an element of
the age of Up.

We obtain, from the mapping extension property of Ug, an embedding
f of A into Up which is the identity on the set {v;:i €n}. Let f(z)=uvy,.
Note that m >n because f is an injection. It follows that s is a predecessor
of o(f(x))=0(vy)€c|U] and hence that o[U] is cofinal in T.

Let D be a transversal and cofinal subset of T. Let A be an element in
the age of Up. It follows by induction on the size of A from the cofinality of
D that there is an embedding of A into the restriction of Ty to D. Hence,
because the age of Tr is a subset of the age of Ug, the age of the restriction
of Ty to D is equal to the age of Up. The restriction of Tg to D has the
mapping extension property because of the cofinality of D. We obtain from
Theorem 7.4 that the restriction of Ty to D is isomorphic to Ug. ]

Theorem 7.7. Let F be a universal constraint set in a binary relational
language £ with |F|=Fk and let A be a bijection of |F| into k. Let T' be the
regular w-tree of degree k and Up = (U, £) the universal binary homogeneous
structure with constraints F. Let vg,v1,v2,... be an w-enumeration of U
and o the association of the elements of U with elements of T via the given
enumeration of U and the labelling \ of the elements of F. Let Tp = (T, %)
be the tree with constraints F.

The function f:U — U is an isomorphism of Ug into Ug if and only if
the function oo foo~! is a pnp map of o[U] to o[U].

Proof. The function f is an injection if and only if oo foo~! is an injection
because ¢ is an injection. Every pnp map is injective and every isomorphism
is injective.

Let F € F for which the function mapping 0 to v, and 1 to v,, is an
isomorphism of ' to the substructure of Ug induced by {vy,,v,, }. Because o
is an isomorphism according to Theorem 7.5, the function which maps 0 to
o(v,) and 1 to vy, is an isomorphism of F, hence o (vy,)(|o(vy,)|) = A(F).

Let f be an isomorphism. Then g:=co foo ™! is an isomorphism be-
cause ¢ is an isomorphism according to Theorem 7.5. Hence, the function
which maps 0 to g(o(v,) and 1 to g(o(vy,) is an isomorphism of F into T.

Therefore
9(o(vm))(lg(e(vn))]) = A(F) = o'(vm)(lo(va)]),
which implies that g:=co foo~! is a pnp map.
Let g:=0o foo~! be a pnp map. Then

o0 f(um)(lo o f(vn)l) = g(o(vm))(lg(a(vn))]) = A(F),
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which implies that the function mapping 0 to oo f(v,) and 1 to oo f(vy,)
is an isomorphism of F. Hence the function which maps 0 to f(v,) and 1
to f(vy) is an isomorphism of F. Implying that R(v,,v,,) if and only if
R(f(vn), f(vm)) for R€ £ and hence that f is an isomorphism. 1

On account of Theorem 7.6 we identify universal countable binary rela-
tional structures with the corresponding cofinal subsets of regular w-trees.
This enables us to carry all of the notions for sets of sequences like diagonal,
similar, 9-morphism, &,(U) etc. over to universal countable binary rela-
tional structures. Furthermore, isomorphisms of the universal homogeneous
structures correspond to pnp maps of the corresponding set of sequences
according to Theorem 7.7.

Definition 7.8. Let U= (U,£) be a universal countable binary relational
structure and n € w. Then nd,(U) is the set of all subsets of U with n
elements which are not diagonal. Fix an enumeration C;, =(Qo,Q1,-..,Qm—-1)
of the different ~ equivalence classes of n-element diagonal subsets of U and

let Cn(U) = (Q()Undn(U)anaQ27 cee 7Qm71)~

It follows from Lemma 3.7 that there are only finitely many ~ equivalence
classes on the n-element diagonal subsets of U. For U= (U, £) a universal
countable binary relational structure and n € w we denote by ry(n) the
number of ~ equivalence classes of the n-element diagonal subsets of U.

Theorem 7.9. Let U= (U,£) be a universal countable binary relational
structure and n € w. Then C,(U) is a canonical partition of the n-element
subsets of U.

Proof. It follows from Corollary 5.10 that each of the sets Q); with i € m
is indivisible. The set Qo Und,(U) is indivisible because the image of a
strong diagonalization is diagonal and every subset of a diagonal set is again
diagonal.

Embeddings of U into U are passing number preserving maps if U is
represented as a cofinal subset of a regular w-tree. Hence, it follows from
Theorem 4.1 that each of the sets (Q; for i €m is persistent. I

Corollary 7.10. Let U= (U, £) be a universal countable binary relational
structure and nc€w. Then
U— (U)Zw/rU(n)
If
U — (U)2

<w/s:
then s >ry(n).
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Theorem 7.11. Let U= (U,£) be a universal countable binary relational
structure and n € w. Then €, (U) is a finite basis for the equivalence relations

on [U]".

Proof. Follows directly from Theorem 6.13. ]
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